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ABSTRACT 

This paper proposes a new criterion for choosing the optimal state variables from the stages of the weighted least 
squares algorithm in power systems state estimation. Accordingly, it is shown that by reduction changes of the state 
variables, sum of the weighted square errors will not be decreased. In other words, it is possible that the minimum 
amount of the sum of weighted square errors is created in the earlier stage before the final stage. This means that the 
estimation amounts of the system state variables might be closer to the measured values in the stage before the final 
stage, and instead of the choosing the state variables corresponding to the final stage, the stage in which the sum of 
weighted square errors has the minimum amount should be chosen. Proposed method is tested on a hypothetical 7 bus 
system and IEEE 14 bus test system. 
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INTRODUCTION 
In recent years, the role of power system state estimator in establishing a real-time control system in 
energy control centers has been recognized by more and more utilities. State estimator is very necessary 
in establishing a complete, reliable data base for power system real-time computer applications [1].  
So far different algorithms to estimate the state of power systems have been presented. The algorithm is 
divided to the two major intelligent methods and mathematic based techniques. Intelligent models have a 
reasonable speed than the mathematical models [2. 3, 4, 5, 6], but their accuracy is less than mathematical 
models due to the difficulty in training intelligent models in the different network situations. 
Mathematical models presented so far includes; the weighted least square errors, the weighted least 
absolute value, non-quadratic estimators and the least median squares. Among the mathematical models, 
the first two models have good accuracy [7, 8]. Of course, the first model has better speed than the second 
model and will be used more [9, 10]. 
The idea of using WLS was presented first by Fred Schweppe [11]. This method is based on minimizing 
weighted sum of squares of the difference between measured values and the calculated values. Since in 
the AC systems, the relations between the injected power at buses and transmission lines power with 
state variables (voltages and relative angles of buses) is non-linear, the estimated values are calculated 
based on iterative methods such as Newton-Raphson method. This iterative process will be continued 
until the changes amount of state variables will be smaller than a small amount such as ε. In this case, the 
value of sum of weighted squares difference between calculated values and the measured values will be 
obtained and evaluated as calculation accuracy.  
This paper shows that although state variables change value has been reduced during calculation process, 
not necessarily sum of weighted squares errors has the minimum amount in the final stage, and it is 
possible that the least amount of error is created in stages other than the final stage. In other words, it is 
possible that the state variables in non final stage are estimated as the best state variables. 
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PROBLEM FORMULATION 
A. State Estimation 
The objective of state estimation in electric power system is to find the estimate x̂ of the true state x 
which best fits the measurements z related to x through the nonlinear model [12]: 
 

exhz  )(  (1) 
Where 
z is the m-dimensional measurement vector, 
x is the n-dimensional state vector of voltage magnitudes and phase angles, 
h(x) is the vector with non-linear functions, 
e is the m-dimensional error vector 
The state estimation procedure by weighted least square (WLS) method involves finding the n 
dimensional state vector x those results from minimizing the following equation [13]: 

   )()()( xhzWxhzxJ T   (2) 
Where W=Rz-1 is a diagonal matrix whose elements are the inverse of the covariance matrix of 
measurements (Rz). The state estimate ( x̂ ) is obtained by the following iterative procedure [14]: 
 

 )()()(11 xhzWxHxGxx kkTkkk  
 (3) 

 
Where G(xk) = HT(xk)WH(xk) is the gain matrix and H=dh(x)/dx is.  
So, given that in the AC systems state estimation solution is iterative, optimization algorithms is the Fig. 1. 
It might be thought that by increasing iterations steps and reducing max|Δx|, the value of J(x) will be 
decreased but the fact is that it may be not the case like Fig. 2. Therefore, the operator get a confusion that 
which parts of the points 1 or 2 is a final answer to the problem? 
Although it is clear that our objective is minimizing J(x) but we cannot select a stop criterion based on it. 
In other words, it cannot be recognized no longer that in which stages the value of J(x) would be 
minimized and based on it algorithm will be stopped. Also, selecting the final stage J(x) violates the aim 
which is minimizing the amount of J(x). The proposed idea in this paper is that the iteration stages of the 
algorithm will be continued until the max|Δx|>ε is satisfied, and then algorithm cannot find more accurate 
solution for the state variables than ε. But at each stage the amount of J(x) and x will be saved after 
terminating the iterative stages and the max|Δx|<ε would be satisfied, the J(x) minimum value and the 
corresponded x selected as the problem solution. 
Another question is that why the value of J(x) might be increased by reducing max|Δx|?  
The answer can be analyzed by a simple instance such as Fig. 3. 
In Fig. 3, it is assumed that: 
The function f is dependant to a variable x. (such as J(x)). 
Zm is a value observed by a microscope or any other hypothetical instrument. (such as the measured 
amount in power systems). 
Optimization algorithm started with an assumed value such as x corresponding to the point Z0. Clearly, it 
is possible that after n iteration steps the estimated variable value will be equal to x1 and after m 
iterations will be equal to x2 in which m> n and |xm-x2|> ε. 
Thus, according to Fig. 3 |xm-x1|>|xm-x2| But f(x1)<f(x2) and this confirms the problem assumption. 
However, the actual amount may be a bit different from the Zm and the above condition would not be 
established, but considering the fact that the actual amount is not available for operator, therefore 
minimizing objective is the difference between the estimated and the measured amounts. 
 
CASE STUDIES 
For case studies the 7-buses hypothetical network reference [15] and 14-buses IEEE network reference 
[16] has been tested. Measured, actual and estimated data have been presented in Appendix A. Results 
have been achieved according to Table I and Figs. (4) and (5) too. 
It can be seen that for the IEEE 14 bus test system J(x) value in step 23, and for 7-buses network reference 
[15], at least 20 steps are repeated while the number of algorithm iterations for abovementioned 
networks are 79 and 59, respectively. 
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TABLE 1. STATE ESTIMATION RESULTS IN WLS METHOD IN 7-BUSES SYSTEM REFERENCE [15 ] AND IEEE 14 BUS TEST 
SYSTEM 

7-buses  reference [17] 14 –IEEE buses Objective function value 
40.5075 10.2786 Value J(x)min 20 6 Iterative stages 
43.9310 11.7290 Value J(x)final 326 111 The number of iterations 

TABLE 2. RESULTS OF ES FOR 7 BUSES SYSTEM 

Measurement 
Measured 

data 

Final 

Estimated 

data 

Actual 

data 

Optimal 

Estimated 

data 

Measurement 
Measured 

data 

Final 

Estimated 

data 

Actual 

data 

Optimal 

Estimated 

data 

Unit * * * * Unit * * * * 
V1 238.4 243.517 241.5 240.6646 Q2,1 9.7 11.6152 12.8 11.6759 
V2 237.8 242.6127 241.5 239.7324 Q2,4 38.3 45.4604 46.1 45.6579 
V3 250.7 247.2853 246.1 244.5762 Q2,5 22 14.5754 15.4 14.5219 
V4 225.7 228.9234 227.6 225.8319 Q2,6 15 11.1498 12.4 10.9815 
V5 225.2 228.3218 226.7 225.3523 Q2,3 -11.9 -12.4951 -12.3 12.6194 
V6 228.9 232.7474 231 229.8687 Q3,2 10.2 5.8985 5.7 6.1907 
P1,2 31.5 30.408 28.7 30.4649 Q3,5 23.9 22.4942 23.2 22.6369 
P1,4 38.9 44.8887 43.6 44.9101 Q3,6 58.3 58.5856 60.7 58.6578 
P1,5 35.7 36.8059 35.6 36.7778 Q4,1 -14.3 -21.1831 -19.9 21.1814 
P2,1 -34.9 -29.456 -27.8 -29.488 Q4,2 -44.3 -44.6651 -45.1 44.7199 
P2,4 32.8 32.5003 33.1 32.5835 Q4,5 -17.4 -5.3576 -4.9 -5.3552 
P2,5 17.4 15.5666 15.5 15.5202 Q5,4 -1.5 -2.4681 -2.8 -2.2613 
P2,6 22.3 26.0293 26.2 25.9499 Q5,1 -17.5 -13.7653 -13.5 13.5474 
P2,3 8.6 3.0576 2.9 3.0344 Q5,2 -22.2 -17.3573 -18 -17.18 
P3,2 -2.1 -3.0157 -2.9 -2.9898 Q5,3 -29.9 -25.5853 -26.1 25.5395 
P3,5 17.7 19.014 19.1 19.0379 Q5,6 -0.8 -9.7821 -9.7 -9.7472 
P3,6 43.3 43.351 43.8 43.3699 Q6,5 2.9 3.9017 3.9 4.0244 
P4,1 -40.1 -43.7371 -42.5 -43.7262 Q6,2 -22.3 -14.9249 -16 -14.6096 
P4,2 -29.8 -31.0509 -31.6 -31.0893 Q6,3 -51.1 -56.0523 -57.9 -55.9627 
P4,5 0.7 4.1884 4.1 4.12 P1 113.1 112.1026 107.9 112.1527 
P5,4 -2.1 -4.149 -4 -4.0801 P2 48.4 47.6977 50 47.6 
P5,1 -36.6 -35.6778 -34.5 -35.6253 P3 55.1 59.3493 60 59.418 
P5,2 -11.7 -15.0952 -15 -15.0419 P4 -71.8 -70.5997 -70 -70.6955 
P5,3 -25.1 -17.9697 -18 -17.9652 P5 -72 -71.4544 -70 -71.2872 
P5,6 -2.1 1.4373 1.6 1.4253 P6 -72.3 -69.2772 -70 -69.1741 
P6,5 1 -1.3879 -1.6 -1.3741 Q1 20.2 19.0641 16 19.4187 
P6,2 -19.6 -25.481 -25.7 -25.3951 Q2 71.9 70.3058 74 70.2177 
P6,3 -46.8 -42.4083 -42.8 -42.4049 Q3 90.6 86.9783 89.6 87.4853 
Q1,2 -13.2 -14.1787 -15.4 -14.0847 Q4 -71.9 -71.2058 -70 -71.2566 
Q1,4 21.2 21.5661 20.1 21.7989 Q5 -67.7 -68.9581 -70 -68.2754 
Q1,5 9.4 11.6767 11.3 11.7045 Q6 -60.9 -67.0755 -70 -66.5479 

*: kV for Voltmeters, MW for Wattmeters and MVAr for Varmeters. 

TABLE 3. RESULTS OF ES FOR  14 BUSES IEEE SYSTEM 

 
Measurement 

Measured  

data 

Final 

Estimated 

 data 

Actual  

data 

Optimal 

Estimated 

data 
Measurement 

Measured  

data 

Final 

Estimated 

data 

Actual 

 data 

Optimal 

Estimated 

data 

Pu pu pu Pu pu pu pu pu 

V1 1.05 1.0613 1.06 1.0603 Q10,11 -0.015 -0.0147 -
0.0162 

-0.0173 

V3 1 1.0136 1.01 1.0128 Q13,14 0.016 -0.0004 0.0175 -0.0001 
V5 1.04 1.0237 1.02 1.0228 Q5,1 0.022 0.0118 0.0223 0.0128 
V8 1.09 1.09 1.09 1.09 Q4,2 0.0288 0.0185 0.0302 0.0191 
V9 1.05 1.0569 1.056 1.0558 Q5,4 -0.1332 -0.1251 -0.142 -0.125 
V11 1.057 1.0588 1.057 1.0582 Q7,4 0.1032 0.0956 0.1138 0.0963 
V13 1.03 1.0414 1.05 1.0401 Q9,4 0.0159 0.0112 0.0173 0.0109 

P1,2 1.4276 1.4441 1.5688 1.4453 Q11,6 -0.0313 -0.025 -
0.0344 -0.0205 

P2,5 0.4072 0.3809 0.4152 0.3816 Q12,6 -0.0221 0.0117 -
0.0235 -0.004 
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Measurement 

Measured  

data 

Final 

Estimated 

 data 

Actual  

data 

Optimal 

Estimated 

data 
Measurement 

Measured  

data 

Final 

Estimated 

data 

Actual 

 data 

Optimal 

Estimated 

data 

P5,6 0.4076 0.4153 0.4409 0.4145 Q14,9 -0.0316 -0.0491 -
0.0336 -0.0486 

P6,13 0.1714 0.1665 0.1775 0.1721 P2 0.1674 0.1792 0.183 0.1785 
P7,8 0 0 0 0 P4 -0.4763 -0.4737 -0.478 -0.4739 
P12,13 0.0158 0.0303 0.0161 0.027 P6 -0.1021 -0.0991 -0.112 -0.0986 
P13,14 0.0518 0.0517 0.0564 0.0534 P9 -0.2939 -0.2933 -0.295 -0.2936 
P3,2 -0.6648 -0.6632 -0.7091 -0.6624 P10 -0.0833 -0.084 -0.09 -0.0839 
P4,2 -0.5043 -0.5081 -0.5445 -0.5086 P12 -0.0601 -0.0554 -0.061 -0.0568 
P7,4 -0.2581 -0.2544 -0.2807 -0.2552 Q2 0.3042 0.2938 0.3086 0.294 
P9,4 -0.1597 -0.1505 -0.1608 -0.1511 Q3 0.0571 0.0393 0.0608 0.0401 
P11,6 -0.0661 -0.0629 -0.073 -0.0589 Q6 0.051 0.0554 0.0523 0.0553 
P10,9 -0.0495 -0.0463 -0.0521 -0.0431 Q9 -0.1606 -0.1648 0.1762 -0.1643 
Q2,5 0.0108 0.0131 0.0117 0.0127 Q14 -0.048 -0.0478 -0.05 -0.0476 

 
Figure 1. State estimation Algorithm by WLS method 

 

 
Figure 2. Values of J(x) for different stages of WLS iterative algorithm for a hypothetical network 
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Figure 3. Analyze examples of the possibility of the J(x) value increased by reducing max|Δx| 

 
Figure 4. J(x) Values at different stages of state estimation optimization algorithm for 7-buses System 

Reference [15] 

 

Figure 5. J(x) Values at different stages of state estimation optimization algorithm for IEEE 14 bus test 
system 

CONCLUSION 
Power system state estimation are performed in different intelligent techniques and mathematical 
methods, but experience revealed that the mathematical methods have high accuracy than the intelligent 
methods and among the mathematical methods the least square error method, WLS, is more accurate 
than the other methods. In AC systems, WLS is usually optimized in iterative method and the stopping 
condition of algorithm is that the maximum absolute state variables changes would be less than a tiny 
number. It is expected that the least square error would be obtained in the last step, but the analysis 
made in this paper showed that the least square error may be created in the step other than final step, 
and therefore the best system estimate state variables can be in the non-final stage. On this basis, it was 
proposed that square error value in each step and its corresponding state variables to be saved and after 
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ending the iterative process, the least square error and its corresponding state selected as the state 
estimated amounts which this could increase the accuracy of the estimators. 
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